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ABSTRACT. In this paper, results of Ergodic Theorem were obtained by investigating the 
behavior of w-order reversing partial contraction mapping (semigroup of linear operator) as 
t tends to +00 of the means 1 T(s)ds of a Co-Semigroup of contraction {T(t);t > 0} and 
it was shown that the infinitesimal generator of a Co-Semigroup of contraction {T (t); t > 0} 


is densely defined, linear, closed, reflexive and there exists a continuous bounded function. 


1. INTRODUCTION 


Ergodic theory can be described as the study of measurable maps, flows, and more gener- 
ally group actions, preserving a certain measure of convergency on an operator. Let X 
be a Banach space, X, C X be a finite set, (T(t))i50 the Co-semigroup, w — ORC Pa 
be w-order-reversing partial contraction mapping which is an example of Co-semigroup, 
w — ORCP,, C ORCP,, (Order Reversing Partial Contraction Mapping). Let Mm/(N U 0) 
be a matrix, L(X) the bounded linear operator in X, P,,, the partial transformation semi- 
group, p(A) a resolvent of A, where A is the generator of a semigroup of linear operator. 
This paper consist results on measure of convergence on invariant closed subspaces in Ba- 
nach space. Ahmed [1], remarked some dynamics of impulsive systems in Banach spaces. 
Amann [2], investigated linear and quasilinear parabolic problems. Anita [3] established 
analysis and control of age-dependent population dynamics. Akinyele et al. [4], obtained 
some perturbation and linear delay equation results on w-order reversing partial contraction 
mapping in semigroup of linear operator. Also in [5], Akinyele et al., derived perturbation of 
infinitesimal generator in semigroup of linear operator. Barreira [6], obtained some results 
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on ergodic theory, hyperbolic, dynamics and dimension theory. Bejenaru et al. [7], proved 
an abstract approximate controllability results and its application to elliptic and parabolic 
systems with dynamic boundary conditions. Engel and Nagel [8], obtained one-parameter 
semigroup for linear evolution equations. Feller [9], deduced parabolic differential equations 
and associated semigroups of transformation. Goldstein et al. [10], established convergence 
rates of ergodic limits for semigroups and cosine functions. Rauf and Akinyele [11], ob- 
tained w-order-preserving partial contraction mapping and established its properties, also in 
[12], Rauf et.al. established some results of stability and spectra properties on semigroup 
of linear operator. Vrabie [13], characterized new generator of differentiable semigroups and 
also in [14], Vrabie deduced some results of Co-semigroup and its applications. Widder [15], 
introduced and proved some theorems on laplace transforms. Yosida [16], established and 
proved some results on differentiability and representation of one-parameter semigroup of 


linear operators. 


2. PRELIMINARIES 


Definition 2.1 (Co-Semigroup) [14] 
A Co-Semigroup is a strongly continuous one parameter semigroup of bounded linear oper- 
ator on Banach space. 
Definition 2.2 (Differentiable Semigroup) [14] 
A Co-Semigroup is a is called: 
(i) differentiable at 7 > 0, if, for each x € X, the function t > T(t)z is differentiable at 7; 
(ii) differentiable, if it differentiable at each r € (0, +00); and 
(iii) eventually differentiable if there exists 6 > 0 such that t — T(t)a is differentiable at 
each T € (0, +00). 
Definition 2.3 (Ergodic Theory) [6] 
Ergodic theory is a branch of mathematics that studies dynamical systems with an invariant 
measure and related problems. 
Definition 2.4 (w-ORCP,,) [11] 
A transformation a € P, is called w-order-reversing partial contraction mapping if Vz, y EDoma : 
x<y = qaz > ay and at least one of its transformation must satisfy ay = y such that 
T(t +s) = T(t)T(s) whenever t, s > 0 and otherwise for T(0) = J. 
Definition 2.5 (Co-semigroup of contraction) [14] 
A Co-semigroup {T(t);t > 0} is called of type (M,w) with M > 1 and w €E R, if for each 
t > 0, we have 

ITO < Me, 
A Co-semigroup {T(t);t > 0} is called a Co-semigroup of contraction or non expansive 














operator, if it is of type (1,0), that is, if for each t > 0, we have 
IZ @Qllney <1. 
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Example 1 

3 x 3 matrix [M,,(C)], we have 

for each A > 0 such that A € p(A) where p(A) is a resolvent set on X. 
Suppose we have 


and let T(t) = et^, then 


Example 2 
An operator A: D(A) C X —> X is called closable if the closure of its graph is the graph of 
a linear operator A, called the closure of the operator A and let X = L?(0,7) and defined 
A: D(A) CX >X by 

D(A) = {u € X;u there exists a.e. and u = va.e. with v € X} 

Au=u' for each u € D(A). 


2.1. Theorem. Hille- Yoshida [12] 
A linear operator A : D(A) C X —> X is the infinitesimal generator for a Co-semigroup of 
contraction if and only if 


i. A is densely defined and closed, 
ii. (0, +00) C p(A) and for each A > 0, we have 


(2.1) IRA, A)|lneq < 


>| = 


3. MAIN RESULTS 


In this section, the mean ergodic theorem results on w-ORCP,, in semigroup of linear 
operator (Co-semigroup) were established: 
Theorem 3.1 
Suppose A: D(A) C X — X is the infinitesimal generator of a Co-semigroup of contractions 
where A € w-ORC P, and let X; = D(A) endowed with the graph-norm |.|pc4) : X1 > Ry 
defined by |u|pca4) = ||u — Aul] for x € Xı. Then the operator Aq) : D(Aqy) CX > Xı 
defined by 

pete = {z EX,: ATE Xa} 


Aaz = Ax, for all x € D(A), 
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is the infinitesimal generator of a Co-semigroup of contractions on Xj. 
proof : 
Suppose à > 0, f € X, A € w-ORCP, and let us consider the equation 


(3.1) Az — Au = f. 


Since A generates a Co-semigroup of contractions, by Theorem 2.1, its follows that this 
equation has a unique solution u € D(A). As f € X 1, we deduced that Au € D(A), thus 
uE D(Aq)). Then, 


(3.2) Au — Agyu = f. 
On the other hand, we have 
IAI — Aw) floa = IIE -AA -A FII 


(3.3) E 1 1 
-=A -4 — AFIS SIE- AFI = x1 flo@ 


which shows that Aq) satisfies (ii) in Theorem 2.1. Moreover, it follows that Aq) is closed 
in X4. Since (AJ — Aqy)~! € L(X1), then it is closed, and consequently AI — Aq) enjoys the 
same property which proves that A) is closed too. Next, let x € X1, A > 0, A € w-ORC P, 
and let x, = Aw — Aqyx. Clearly x; E€ D(Aq)), and in addition , 


(3.4) lim [zà — t| pray = 0, 


and by virtue of lim)... Ax = Az, then (3.4) holds. Thus D(Aq)) is dense in X, and by 
virtue of Theorem 2.1, Aq) generates a Co-semigroup of contraction on X1. Hence the proof. 
Theorem 3.2 
Let A: D(A) C X —> X be the infinitesimal generator of a Co-semigroup of contraction 
{T(t);t < 0}, such that A € w-ORCP,. Then 
(i) if xı € ker(A) and x2 € R(A), then there exists a bounded function y : Ry —> X with 
the property 

limi 29 = 0, and such that, for each t > 0, 

1 Š T(T)(£1 + z2)dT = z1 + e0. and 
(ii) if X is reflexive and (A, D(A)) is densely defined, linear, closed operator, we have 


ker(A*)+ = R(A*) and R(A)*+ = ker A*. 














Proof : 
Let us observe first that, for each zı € ker(A) and each T > 0, we have T(T)zı = x. As 
z2 € R(A), there exists x3 € D(A) such that z = Az. Accordingly, 


1 


(3.5) = Tr) (ay + z2)dT = £1 + : eTR 
t Jo t Jo 
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1 f* [i sf? 
IF f Toed =N} | Pe) Acad 
t 0 t 0 


2I|x3 
= 


(3.6) TF i 
=z | grozil = FTO - 29) < 


So that the function y = T(t)x3 — x3 has all the required properties, and that proved (i). 
To prove (ii), let X be a Banach space and B C X. We denote by 


(3.7) Brats € X*; (x, £*) = 0, Vee B}. 
Similarly if B* C X*, we denote by 
(3.8) (B*)+ = {a eX": (27 2") = 0, Ve" € B*}. 


Now, let y* € R(A*). Then there exists (£ž)ņnen in D(A*) such that lim,,. A*z* = ų4*. 
Thus, for each x € ker(A), we have 


(3.9) (x, y*) = lim (z, A*xž) = lim (Ate, 2) = 0; 


n—> o0 n—> o0 





which shows that y* € ker(A)+, so that R(A*) C ker(A)+. To prove the converse inclusion, 
let us assume by contradiction that there exists at least one y* € ker(A)+ such that y* ¢ 
R(A*). By the Hahn - Banach theoerem, it follows that there exists x € X (we recall 
that X is reflexive and identified with X**) such that (x,y*) # 0 and (a, z*) = 0 for all 
2* € R(A*). In Particular, we have (Az, 2*) = (x, A*r*) = 0 for each x* € D(A*). On the 
other hand, we know that D(A*) is dense in X* and therefore Ar = 0. So x € K(A) and 
consequently (x, y*) = 0 which is impossible. This contradiction can be eliminated only if 
ker(A)+ C R(A*) and this complete the proof. 

Theorem 3.3 

Let X be reflexive and A: D(A) C X — X the infinitesimal generator of a Co-semigroup 
of contractions, {T(t);t > 0} such that A € w-ORCP,. Then ker(A) and R(A) are closed 





subspaces in X. Moreover, ker(A) N R(A) = {0}, X = ker(A) $ R(A) and the projection 
operator P : X — ker(A) is well defined, and satisfies ||P|| p(x) < 1. In addition, each z € X 


has a unique decomposition x = Px + (1 — P)x € ker(A) @ R(A) and 
liii sa} E R T(T)zdr = Pr. 


Proof : 
Let us observe that (i) of Theoerem 3.2 implies that ker(A) M R(A) = {0}. So, let y € 


ker(A) N R(A), then there exists (yn)nen in R(A) such that 


(3.10) lim Yn = y. 


noo 
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Since y € ker(A) and yn € R(A) for each n € N and A € w-ORCP,, also from (i) of Theorem 
3.2, we have 
t 


ASL 
(3.11) lim El T(T)ydT = y, 
and 
ee 
(3.12) lim D T(T)yndr = 0, 
for each n € N. On the other hand 
1 ft 1 ft 1 ft 
6139 I4 f Tewdr -i f Tomari si f Iv- vld = lv -vll 
0 0 0 
which implies 
1 f 
(3.14) lim rap T(r)ydr = 0. 


So, if y = 0, we need to show that 
(3.15) ker(A) N R(A) = {0}. 


Suppose x € ker(A) @ R(A), then we have 
teeta i 
(3.16) |Pol| = fim [F f Tied] < lel 
0 


which shows that ||P||z(x) < 1. To complete the proof, we have to check that ker(A) 6 R(A) 
is dense in X. So, let us assume by contradiction that there exists x € X\ker(A) @ R(A) 
and x* € X*, satisfying both x* € (ker(A)+ R(A))+ and (z, 2*) =1. Clearly x* € ker(A)+ 
and z* € R(A)+. By (ii) of Theorem 3.2, e deduced that x* € ker(A* M R(A*). On the 
other hand, since X is reflexive, from Theorem 3.1, we know that A* is the generator of the 


Co-semigroup of contraction, {7*(t);t > 0} in X*. From (3.15), we have 


(3.17) ker(A*) 0 R(A*) = {0}, 
and therefore 


(3.18) c* =0. 


This contradiction can be eliminated only if ker(A)@ R(A) = X and this complete the proof. 
Theorem 3.4 

Let X be a Banach space and (A, D(A)) the generator of Co-semigroup of contractions, 
{T(t);t > 0} such that A € w-ORCP,. Then: 

(i) Suppose u : Ry — X is a bounded and continuous function and 














liM; + fe u(r)dr = limano S e*Su(s)ds, in the sense that, either both limits exist and 
they are equal, or both do not exist, and the following conditions are equivalent : 
(a) X = kerA @ R(A); 
(b) for each x € X there exists limp. F fy T(r)adr; 
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(c) for each x € X there exists lim) 59 \(AJ — A)~+z; and 
(d) for each x € D(A) there exists lim),9 A(AI — A)~!z. 
proof : 

Assume that there exists 


(3.19) lim — | u(r)dr = £, 

and let us observe that 

(3.20) fe eSu(s)ds = X? A Cre [ owas. 
Then 

(3.21) afr eu(s)ds — £| < X? ie ems] [war — elds. 
Let € > 0 and fix a ô = 6(€) > 0 such that 


1 S 
(3.22) if u(t)dr — 4| < € 
S Jo 
for each s € |ô, +00). From (3.22), it follows that 
oo ô 1 s 
a f e™™u(s)ds — l| < xf esli f u(r)dt — elds 
0 0 S Jo 
co 1 S 
(3.23) +a f eai f u(r)dt — elds 
5 0 


ô oo 
< x | e™™s(M + ||)ds + xef se™™ ds, 
0 5 











where M > 0 satisfies ||u(t)|| < M for each t € R}. Therefore, a simple computational 





argument yields 

(3.24) lA f i e™™u(s)ds — l| < (M + MEIL — e™™ — dA6e7**) + e(Ade™™ + e>). 
Taking the sup-limit in (3.24) for A tending to 0 by positive values, we obtained 
(3.25) lim sup|A [ eu(s)ds — L| < e. 


Since € > 0 is arbitrary, this shows that whenever there exists the first limit in (i), then there 
exists the second one too, and both must be equal. The proof of the fact that existence of 
the second limit implies the existence of the first one (and by the preceding proof, the fact 
that both are equal) is much more subtle and follows from a very deep Theorem of Wiener 
which for the sake of brevity did not find its place here. However, see [13], Theorem 14, and 
the proof one (i) is complete. 
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To prove (a) to (d), let us recall the proof of Theorem (3.3), and show first that, for each 
xz € ker(A) @ R(A) and A € w-ORCP,, there exists 


t 


(3.26) lim } T(T)dr. 


too t 0 


Hence (a) implies (b). From (i) and from the observation that for each x € X, we have 
(3.27) AAI- A)r =À [ eT (s)ads, 

which deduced that (b) implies (c). The fact that (c) implies (d) follows from the identity 
(3.28) (AI — A) Ags = A(T — A) te — x = A(AI — A) te 


for each x € D(A). Since D(A) is dense in X, from (i) and (3.28), it follows that (d) implies 
(b). In order to complete the proof, we have merely to show that (b) implies (a). Let us 
define P : X + X by 
1 t 

(3.29) Px = lim — | T(T)ezdr 

t— oo 0 
for each z € X. We have X = R(P)+R(I— P) and PT(t)x = T(t)Px = Pz, for each x € X 
and each t > 0. In addition, let us remark that P? = P, R(P) = ker(A), R(I—P) = ker(P), 
and R(A) C ker(P) for all A € w-ORCP,. Then, by (3.28) and (c) (which is implied by 
(b)), it follows that 
(3.30) lim A(AI — A)"'2 = Pz — x = -x 


A>0 


and therefore x € R(A). Hence the proof is complete. 
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